A plane graph is a drawing of a planar graph in the plane such that no two edges cross each other. A rooted plane graph has a designated outer vertex. For given positive integers n ≥ 1 and g ≥ 3, let G 3 (n, g) denote the set of all triconnected rooted plane graphs with exactly n vertices such that the size of each inner face is at most g. In this paper, we give an algorithm that enumerates all plane graphs in G 3 (n, g). The algorithm runs in constant time per each by outputting the difference from the previous output.
Introduction
The problem of enumerating (i.e., listing) all graphs in particular classes of graphs is one of the most fundamental and important issues in graph theory, and has been studied extensively [1, 7, 9, 10, 13, 16] . Cataloguing graphs, i.e., making the complete of graphs in a particular class can be used in a various way: search for a possible counterexample to a mathematical conjecture; choosing the best graph among all candidate graphs; and experiment for measuring the average performance of a graph algorithm over all possible input graphs.
The common idea behind most of the recent efficient enumeration algorithms (e.g., [12] ) is to define a parent-child relationship among all graphs in a given class in order to induce a rooted tree that connects all graphs in the class, called the family tree F, where each node in F corresponds to a graph in the class. Then all graphs in the class will be generated one by one according to the depth-first traversal of the family tree F. Time delay of an enumeration algorithm is a time bound between two consecutive outputs. Enumerating graphs with a polynomial time delay would be rather easy since we can examine the whole structure of the current graph anytime. However, algorithms with a constant time delay in the worst case is a hard target to achieve without a full understanding of the structure of graphs to be enumerated, because not only the difference between two consecutive outputs is required to be O (1) , but also any operation for examining symmetry and identifying the edges/vertices to be modified to get the next output needs to be executable in O(1) time.
Enumeration for a particular class of graphs also has practical applications in various fields such as the inference of structures of chemical compounds [5] , virtual exploration of chemical universe [8] , and reconstruction of molecular structures from their signatures [2] . It is known that 94.3% of chemical compounds in NCI chemical database have planar structures [4] . Hence planar graphs is an important class to be investigated.
In particular, triconnected planar graphs is a mathematically important class of graphs in the sense that every triconnected planar graph has a unique embedding on a sphere only up to its reversal. Furthermore, Tutte [14] proved that triconnected plane graphs is the class of plane graphs that admit convex drawings in the plane for any prescribed polygonal boundary, where a convex drawing is an embedding in a plane graph such that all the edges of the graph are drawn as straight-line segments and every facial cycle is drawn as a convex polygon. Steinitz [15] proved that triconnected planar graphs is the class of vertex-edge graphs of three-dimensional convex polyhedra.
Yamanaka and Nakano [17] gave an algorithm for generating all connected rooted plane graphs with at most m edges, where an outer edge with an orientation is designated as the root of each plane graph. The algorithm uses O(m) space and generates such graphs in O (1) time per graph on average without duplications. Li and Nakano [6] presented an efficient algorithm that enumerates all biconnected rooted triangulated plane graphs in constant time per each. Nakano [11] presented an algorithm with the same time complexity to generate all triconnected rooted triangulated plane graphs. Recently, in our companion paper [18] , we gave an efficient algorithm for enumerating biconnected rooted triangulations under reflective symmetry, where a planar graph designates an outer vertex v and two outer edges incident to v, and the algorithm does not generate plane graphs which are reflectively symmetric along the root v. In our companion paper, we also gave an efficient enumeration algorithm for the class G 2 (n, g) of biconnected rooted plane graphs [19] . The algorithms generate biconnected rooted plane graphs with exactly n vertices such that the size of each inner face is at most g, where n ≥ 1 and g ≥ 3 are prescribed integers. The algorithm runs in O(n) space and in O(1) time per graph in the worst case.
In this paper, we consider the class G 3 (n, g) of all triconnected rooted plane graphs with exactly n vertices such that the size of each inner face is at most g. The structure of triconnected plane graphs is more complicated than those of biconnected plane graphs. We present an algorithm that enumerates all plane graphs in G 3 (n, g) in O(n) space and in O(1) time per graph in the worst case. However, our algorithm does not exploit any dynamic data structure that represents 4-connected components to test triconnectivity of possible candidates for graphs to be generated, because an O(1) time maintenance of such a data structure required to achieve an O(1)-time delay seems extremely difficult. Our algorithm also yields an O(n 3 )-time delay algorithm for generating all triconnected unrooted plane graphs with exactly n vertices such that the size of each inner face is at most g.
The rest of the paper is organized as follows. After introducing basic notations in Section 2, Sections 3 and 4 examine the structure of triconnected graphs and triconnected plane graphs, respectively. Section 5 introduces the parent of each triconnected rooted plane graph, and Section characterizes the children of a triconnected rooted plane graph. Section 7 describes an algorithm for enumerating all triconnected rooted plane graphs, and analyzes the time and space complexities of the algorithm. Section 8 makes some concluding remarks.
Preliminaries
Throughout the paper, a graph stands for a simple undirected graph unless stated otherwise. A graph is denoted by a pair G = (V, E) of a vertex set V and an edge set E. The set of vertices and the set of edges of a given graph G are denoted by V (G) and E(G), respectively.
For a subset E ′ ⊆ E(G), G − E ′ denotes the graph obtained from a graph G by removing the edges in E ′ . Let X be a subset of V (G). We denote by G − X the graph obtained from G by removing the vertices in X together with the edges incident with a vertex in X.
A component of a graph is a maximal subgraph in which every two vertices (if exist) are linked by a path (possibly a component consists of a single vertex). A graph is called connected if it has only one component. A subset X of vertices is called a vertex-cut if its removal results in a disconnected graph. In particular, If X = {v} (resp., X = {u, v}), then the vertex v (resp., {u, v}) is called a cut-vertex (resp., cut-pair). The vertex-connectivity κ(G) of a non-complete graph G is defined to be the minimum size |X| of a vertex cut X in G; Let κ(G) = n if G is the complete graph K n with n vertices. A vertex in a connected graph is called a cut-vertex if its removal results in a disconnected graph. A connected graph G is called biconnected if it has no cut-vertex (i.e., κ(G) ≥ 2), and is called triconnected if it has no cut-pair (i.e., κ(G) ≥ 3).
A fan is the graph obtained from a path P with at least one vertex by adding a new vertex v together with an edge incident to each vertex in the path, where the vertex v is called the center of a fan. A fan with n vertices is denoted by F n . The graph W n (n ≥ 4) obtained from F n by joining the two vertices of degree 2 by a new edge is called a wheel. Note that F n (n ≥ 2) and W n (n ≥ 4) are biconnected and triconnected, respectively.
A graph is called planar if its vertices and edges can be drawn as points and curves on the plane so that no two curves intersect except for their endpoints. A planar graph with such a fixed embedding is called a plane graph, where a face is designated as the outer face and all other faces are called inner faces. Let F (G) denote the set of faces in a plane graph G. For a face f in a plane graph G, let V (f ) and E(f ) denote the sets of vertices and edges on the facial cycle of f , and define the size |f | of face f to be |V (f )|. For a vertex v and an edge e, let F (v) (or F (v; G) ) denote the set of inner faces f with v ∈ V (f ) and F (e) (or F (e; G)) denote the set of inner faces f with e ∈ E(f ). An inner face f ∈ F (v) is called a v-face. Proof. Let F ′ (u) be the set of inner or outer faces containing u. Since {u, v} is a cut-pair {u, v} in a biconnected plane graph G, any component H in G−{u, v} is adjacent to u. Hence G−{u, v} cannot have a path P which contains all the neighbours of u since otherwise P would connect all components in G − {u, v}, contradicting that G − {u, v} has more than one component. A rooted plane graph is a plane graph which has a designated outer edge (u, r) with orientation from u to r, where r is called the root. Two rooted plane graphs G 1 and G 2 are equivalent if their vertex sets admit a bijection by which the designated directed edge and the incidence-relation between edges and vertices/faces in G 1 correspond to those in G 2 .
For given integers n and g, let G 3 (n) denote the set of all triconnected rooted plane graphs with exactly n vertices, and let G 3 (n, g) denote the set of all triconnected rooted plane graphs with exactly n vertices such that the size of each inner face is at most g.
Triconnected Graphs
In this section, we introduce a transformation that preserves the triconnectivity of a graph, which is not necessarily planar. The next lemma is the key property that enables us to design several graph transformations such that triconnectivity of the resulting new graph can be tested by checking the degree of a constant number of vertices.
Lemma 2 Let G be a triconnected graph, and let e = (u 1 , u 2 ) be an edge such that a vertex v of degree 3 is incident to both end vertices u 1 and u 2 in G. If G − e is not triconnected, then any vertex cut X with |X| ≤ 2 is given by X = Γ(u 1 ; G − e) or Γ(u 2 ; G − e).
Proof. To derive a contradiction, assume that G ′ = G−e has a vertex-cut X with |X| ≤ 2 such that X ̸ = Γ(u 1 ; G − e), Γ(u 2 ; G − e). Since G is triconnected, X must separate u 1 and u 2 . Then v ∈ X must holds, because v is joined to both u 1 and u 2 . See Fig. 1(a) . Let X = {v, x}. Among 
Let G be a triconnected graph. For a vertex u of degree 3 in a graph G, let G/u denote the graph obtained from G by removing the vertex u and adding a new edge between any two nonadjacent neighbours of u. See Fig. 1(b)-(c) .
For a cycle C = (v 1 , v 2 , v 3 ) of length 3 in a graph G, let G/C denote the graph obtained from G by adding a new vertex u together with three new edges (u, v i ), i = 1, 2, 3. Fig. 1(b) ). Consider the graph G ′ obtained from G/u by putting back vertex u and three edges (u, v i ), i = 1, 2, 3 without deleting any edge joining two vertices in {v 1 , v 2 , v 3 }. Then G ′ is triconnected, because it contains G as its spanning subgraph. It suffices to show that G ′ has no vertex-cut X ⊆ V with |X| = 3 such that u ∈ X, since this implies that u can be removed without losing the triconnectivity to obtain G/u.
Proof. (i) Clearly
(ii) Clearly G/C remains simple. We first show that G/C is triconnected. Note that G/C is obtained from G by adding a new vertex u adjacent to all vertices in C. As observed in (i), G/C has no vertex-cut X with |X| ≤ 3 and v ∈ C. Hence any vertex-cut X ′ with |X ′ | ≤ 2 would imply that X = X ′ ∪ {v} is a vertex-cut with |X| ≤ 3 and v ∈ X, and thereby G/C is triconnected.
Let F be a subset of edges in C. Obviously G/C − F can be triconnected only when the degree of each v i is at least three in G/C − F . We show the converse. If |F | = 1, then Lemma 2 implies that G/C − F remains triconnected, because it cannot have a vertex cut X with |X| ≤ 2
we see that G/C − F remains triconnected by applying the above argument to graphs G/C − e and (G/C − e) − e ′ .
For a cycle C of length 3 in a graph G, let G 3 (G/C) denote the set of all graphs obtained from G/C by removing edges in C so that the degree of each vertex v i is at least three, where
Triconnected Rooted Plane Graphs
In this section, let G be a triconnected rooted plane graph, where the root r is an outer vertex. Denote the vertices along the boundary of G in the clockwise order by u 1 = r, u 2 , . . . , u B , and let e i denote the outer edge (u i , u i+1 ), where we let e B = (u B , u 1 ). For each outer edge e, let f (e) denote the unique inner face which contains e on its facial cycle. For two outer vertices u and v in G, let β [u, v] denote the path obtained by traversing the boundary of G from u to v in the clockwise order.
In a triconnected plane graph G, an edge e is called removable if G − e remains triconnected, and is called irremovable otherwise. We characterize removability of edges. Two inner faces are internally adjacent in G if they share at least one inner vertex. For each inner face f in a plane graph G, let Γ(f ; G) denote the set of all inner faces internally adjacent to f , and let Fig. 2 (a). Then removal of vertices v i and w i splits G − e i into two components G i and G i+1 , where G j contains vertex u j , j ∈ {i, i + 1}. Hence X = {v i , w i } is a vertex-cut in G − e i , which is no longer triconnected. This means that e i is irremovable if
Lemma 4 Let e
i = (u i , u i+1 ) be an outer edge in a triconnected plane graph G. If W o (f (e i )) ̸ = ∅, then for each vertex v ∈ W o (f (e i )), G − e i has a vertex-cut X with |X| = 2 and v ∈ X.
Furthermore e i is irremovable if and only if
We show the converse. Assume that e i is irremovable, i.e., G − e i has a vertex-cut X with |X| ≤ 2, which splits G − e i into two components G i and G i+1 , where G j contains vertex u j , j ∈ {i, i + 1}. Note that inner face f (e i ) contains no other outer vertex than u i and u i+1 . This means that u i and u i+1 are connected by two internally disjoint paths P 1 and P 2 along the boundary of inner face f (e i ) and outer face of G. Hence X must intersect these paths, implying that X contains exactly one outer vertex, say v i , and one inner vertex, say w i . By Lemma 1,
. Hence f ′ (e i ) and f (e i ) are internally adjacent, and
For each outer edge e i = (u i , u i+1 ), let τ first (e i ) (resp., τ last (e i )) be the vertex in W o (f (e i )) that appears first (resp., last) when we traverse the boundary of G from u i in the clockwise order (recall that be the edge next to e i along β(e i ). If e i+1 is removable or deg(u i+2 ; G) = 3, then we are done.
Assume that e i+1 is irremovable and deg(u i+2 ; G) ≥ 4. To prove the lemma, it suffices to show that β(e i+1 ) is properly contained in β(e i ), because by repeating the argument we must have a removable outer edge or an outer vertex of degree 3 in β(e i ). Let {w i+1 , τ first (e i+1 )} be a vertex-cut in G − e i+1 , where β(e i+1 ) is the path from u i+2 to outer vertex τ first (e i+1 ).
To derive a contradiction, we assume that τ first (e i+1 ) is not contained in β(e i ), as shown in Fig. 2(b) . For edge e i , there is a vertex-cut X = {w i , τ first (e i )} in G − e i . By Lemma 4, there are two internally adjacent inner faces f (e i ) and f ′ (e i ) such that f (e i ) contains u i+1 and w i and f ′ (e i ) contains w i and τ first (e i ). Similarly inner faces f (e i+1 ) and f ′ (e i+1 ) are defined for edge e i+1 . Let P be the path from u i+1 to τ first (e i ) obtained by traversing f (e i ) from u i+1 to w i and f (e i+1 ) from w i to τ first (e i ) in the clockwise order. Hence path P must pass through vertex w i+1 , as shown in Fig. 2(b) . If w i lies between u i+1 and w i+1 along P , then w i+1 and τ first (e i ) would be contained in f ′ (e i ), contradicting the choice of τ first (e i+1 ) to define β(e i+1 ). Hence w i lies between w i+1 and τ first (e i ) along P . This however is possible only when w i = w i+1 since otherwise inner faces f (e i ) and f ′ i+1 cannot exist at the same time. Since deg(u i+1 ; G) ≥ 4, inner faces f (e i ) and f (e i+1 ) surround at least one inner face. This implies that {u i+1 , w i+1 } would be a vertex-cut in G, contradicting the triconnectivity of G. 4) , and G 1 is obtained from G 2 by e-del.
By Lemma 5, the boundary of a triconnected plane graph G always contains a removable outer edge or an outer vertex of degree 3. The first removable element is defined to be the first such edge or vertex that appears when we traverse the boundary of G from the root in the clockwise order. Consider the first removable element of G, which is an edge e or a vertex u, denote by e p = (u p , u p+1 ) and u p , respectively. We call vertex u p the critical vertex, and call the path β[r, u p ] active. See Fig. 2(c) . We now consider the structure of active paths. For the root r, let z denote the second leftmost neighbour of r. The r-face containing the root edge (u B , r) is called the leftmost r-face, and is denoted by f L . Note that |f L | = 3 if and only if (u B , z) ∈ E(G).
The fan factor of G is defined to be the maximal sequence u B+1−t , u B+2−t , . . . , u B of outer vertices such that each s i = u B−t+i , 1 ≤ i ≤ t is of degree 3 and z is adjacent to each u B−t+i , 0 ≤ i ≤ t (hence s i is shared by two inner faces of length 3). See Fig. 3(d 
(1) 
Let f ′ be the u B -face adjacent to the leftmost r-face f L , and z be the second leftmost neighbour of r. An r-face f ∈ F (r; G) − {f L } is called separating if f and f ′ share shares an inner vertex other than z, as shown in Fig. 4(c) . Proof. Since the necessity is immediate, we show the sufficiency . If deg(z; G) = 3 , then the second leftmost r-face f ∈ F (r; G) is separating, as required. It suffices to show that G has an separating r-face f assuming that G−e is not triconnected and min{deg(u B ; G), deg(z; G)} ≥ 4. Let X be a vertex cut X with |X| ≤ 2 in G − e, where u B and z are separated and r ∈ X holds since r is adjacent to u B and z. Denote X = {r, x}, where x is an inner vertex in V (f ′ ) of the inner face f ′ = f (e B−1 ) since E(f ′ ) − e connects u B and z in G − e, as shown in Fig. 4(b) . Since G − e is not triconnected, graph G − e must have such X with X ̸ = Γ(u B ; G − e). Let H be the component (G − e) − X such that z ∈ H.
Lemma 7 Let G be a triconnected plane graph rooted at edge
For each i = 1, 2, . . . , deg(r; G) − 2, let f i be the inner face containing r and the ith and (i + 1)the rightmost neighbours of r. Then the set of inner edges in ∪ 1≤i≤deg(r;G)−2 E(f i ) forms a simple path Q connecting the outer vertex u 2 and z. Since Q connects a vertex z ∈ H and an outer vertex u 2 ∈ V (G) − X − H, Q must pass through X; i.e., x belongs to Q, and x ∈ V (f i ) for some i. It suffices to show that i ≤ deg(r; G) − 3, i.e., i ̸ = deg(r; G) − 2, because such f i is a separating r-face in G. Note that the vertex y adjacent to z in Q is not x by deg(z; G) ≥ 4. Hence if i ̸ = deg(r; G) − 2, then face f deg(r;G)−2 contains z and x, and {z, x} is a cut pair in G that separates y from r, contradicting the triconnectivity of G. This proves the lemma. 
Parents of Triconnected Rooted Plane Graphs
A triconnected plane graph with n ≤ 4 vertices is unique. In what follows, we assume that n ≥ 5 and g ≥ 3, and treat wheel W n as a rooted plane graph such that the center is drawn as an inner vertex and a non-center is chosen as the root r. Let G be a triconnected rooted plane graph with n ≥ 5 such that G ̸ = W n . We define the parent P(G) of G to be the following graph with n vertices.
P1
The length |f L | of the leftmost r-face f L is at least 4 (see Fig. 4 (c)): Define P(G) to be the graph obtained from G by inserting a new inner edge between the leftmost and second leftmost neighbours of r (see Fig. 4(d) ).
P2 |f L | = 3, B = 3 and the first removable element is vertex u 2 (where (u 3 , u 1 ) ∈ E(G)): Construct G/u 2 from G, where no new edge joining vertices u 1 , u 3 ∈ V (G) is introduced, and edges (u 1 , w) and (u 3 , w) for the neighbour w ∈ Γ(u 2 ; G) − {u 1 , u 3 } are outer edges e 1 and e 2 in P(G). Then P(G) is defined to be the graph obtained by augmenting ψ(G/u 2 ) by 1. See Fig. 5(a) -(e). P4 |f L | = 3 and the first removable element is an edge e: P(G) is defined to be G − e (see Fig. 7 (a) and (b)).
Define function Φ(G) = |ψ(G)
, where f L is the leftmost r-face and B is the length of the boundary of G.
Lemma 8 For any graph G ∈ G 3 (n) − {W n } with n ≥ 5, the leftmost r-face of its parent P(G) is of length 3, the maximum size of inner faces in P(G) never exceeds that of G, and it holds
Proof. It is easy to observe that, for any graph G with |f L | = 3, the leftmost r-face of its parent P(G) remains 3, and that the maximum size of inner faces never increases in P(G). Also if |f L | = 3, then |ψ(G)| + |B| increases in P(G) at least by 1. This proves the inequality.
Let P 0 (G) = G and P i (G) = P(P i−1 (G)) for integers i ≥ 1. Lemma 8 implies that, for any graph G ∈ G 3 (n) with n ≥ 5, there is an integer i ∈ [0, 2n − 5] such that P i (G) = W n .
Children of Triconnected Rooted Plane Graphs
Let G be a triconnected rooted plane graph with n ≥ 5 vertices. A rooted plane graph Since the above operations are the reverse of the operations that define the parents, the sets of all graphs G ′ that can be constructed from G by e-del, v-add, v-insert and e-add contains 
Lemma 9
Let G 1 be the plane graph obtained from G by operation e-del. Then
, and G has no separating r-face.
Proof. It is clear that 
and |ψ(G)| ≥ 1 hold by definition P2 of parents, and deg(x; G
, satisfying the condition for definition P2 of parents. Therefore G = P(G 2 h ), as required.
Lemma 11 Let G 3 i,h be the plane graph obtained from G by operation v-insert(e i , h) for an outer edge
e i = (u i , u i+1 ), i ∈ [1
, B] and let v denote the new (i + 1)st outer vertex in G 3
i,h . If the first removable element is an edge e p = (u p , u p+1 ) (resp., a vertex u p ), then by deg(u p ; G 3 i,h ) = 3. ⇐: Assume that the condition in the lemma holds. In G 3 i,h , B ≥ 4 and |f L | = 3 still holds. By
Hence it suffices to show that v is the first removable element in
i,h , since two internally adjacent faces f (e) and f ′ with 
Lemma 12
Proof. ⇒: Assume that G 4 i,j ∈ G 3 (n) and that the edge e = (u, v) is the first removable element in 
Algorithm
This section describes an algorithm for generating children of a given graph G ∈ G 3 (n) based on the characterization of children in To generate all plane graphs G ′ ∈ C(G) ∩ G 3 (n, g), we generate only those G ′ ∈ C(G) such that the new face introduced by e-add and the face f (e i ) and/or f (e i+1 ) enlarged by v-insert or v-add are of length at most g. To generate all triconnected rooted plane graphs in G 3 (n, g), we set G := W n , and execute the following procedure Gen(G, ε = u 2 ), where the second argument ε stands for the first removable element in the first argument G.
In Gen (G, ε) , we first generate G 1 from G, and children G 2 h ∈ C(G) if B = 4, and then generate children
. . , p in the active path of G by increasing step size ∆ ≥ 2 by 1. We also generate G 1 from the children G ′ = G 2 h obtained from G, without using a recursive call.
Procedure Gen(G, ε) Input: A triconnected rooted plane graph G ∈ G 3 (n, g) with |f L | = 3 and the first removable element ε of G, where ε is either an edge e p = (u p , u p+1 ) or a vertex u p . Output: All descendants G ′ ∈ G 3 (n, g) 
We first show that each line of Gen(G, ε) can be executed in O(1) time and O(n) space. Since it is easy to maintain data for the size |f | of each inner face f in O(1) per change on an inner face, it suffices to show that τ last (e) for each edge in the active path can be found in O (1) time and that whether κ(G − e) ≥ 3 in e-del or not, (i.e., G has no separating r-face or not) can be tested in O(1) time. space. 
For an inner face f which contains at least one outer vertex, let τ (f ) denote the outer vertex u j ∈ V (f ′ ) with the largest index j ≤ B + 1 for an inner face f ′ which shares a vertex w with f (where f ′ is not necessarily an inner face internally adjacent to f ; i.e., w may be an outer vertex).
For an outer vertex in the current graph G, let f 1 (u i ) and f 2 (u i ) (resp., f 4 (u i ) and f 3 (u i )) denote the rightmost and second rightmost (resp., the leftmost and second leftmost) v-faces when we regard (u i−1 , u i ) and (u i , u i+1 ) as the leftmost and rightmost edges incident to u i . Define Fig. 8(a)-(b) ).
We first show that each outer edge e i = (u i , u i+1 ) in the active path satisfies
Let e i = (u i , u i+1 ) be an outer edge in the active path. Since all edges in the active path are irremovable, τ last (e i ) is a vertex u j with i < j ≤ B by the property (1). Thus, the vertex u j = τ last (e i ) is one of the candidates to define τ 1 (u i ), and no other outer vertex u j ′ with j ′ > j can be chosen as τ 1 (u i ) because otherwise such a vertex u j ′ would be τ last (e i ) (note that in this case the face f ′ adjacent to f that attains u j ′ must also be internally adjacent to f ).
We next show how to update the values of τ j , j = 1, 2, 3, 4. For this, we define data η as follows. Let w be a vertex in the current graph G such that a w-face f w contains an outer vertex. Then η(w) is defined to be the outer vertex u j ∈ V (f w ) with the largest index j ≤ B + 1 among all such w-faces f w (see Fig. 8(d)) .
In what follows, we show how to update η, τ 1 , τ 2 , τ 3 and τ 4 when one of operations e-add and v-insert is applied to generate a child G ′ from the current graph G so that η(u), τ 1 (u) and τ 2 (u), τ 3 (u) and τ 4 (u) for outer vertices u in the active path take the correct value. Note that, after operation v-add is applied, only e-del is applicable and there is no need to update τ i to obtain τ last .
(1) Initialization: For G = W n , where B = n − 1, we set η(u i ) := u i+1 and τ 1 (u i ) := τ 2 (u i ) := τ 3 (u i ) := τ 4 (u i ) := r for all i = 1, 2, . . . , n − 1, and η(z) := r for the center z of W n (see Fig. 8(c) ).
(2) Operation e-add(u, v) is applied (see Fig. 7(a) and (b) ): We update as follows. 1. v-insert(e i , 0): See Fig 6(a) .
2. v-insert(e i , 1): See Fig 6(b) .
3. v-insert(e i , 2): See Fig. 6(c) . See Fig. 6(d) .
It is easy to see that η and τ i can be updated in O(1) time per operation using O(n) space. We here show that η(w) is correctly updated. For w = z in G = W n , η(w) = r remains unchanged in any descendant of G. For other w, we see that the value η(w) is correctly updated by the above procedure for e-add when w is still an outer vertex. When an outer vertex w becomes an inner vertex by e-add, the latest value u h for η(w) will never be changed by any of the above procedures. We show that η(w) = u h remains valid as long as a w-face contains an outer vertex. When an outer vertex w becomes an inner vertex in a graphĜ, e-add is applied and the newly introduced edge (u, v) is the first removable element ε in the resulting graph G ′ , where ε is situated in β[r, u h ]. See Fig. 8(d) . If u h becomes an inner vertex and a w-face f ′ w still has an outer vertex u i in a graph G ′′ , then the newly introduced element ε ′ to G ′′ would not be the first removable element in G ′′ , since β[r, u h ] contains a removable element. This proves that η(w) stores the correct value.
Supposing that η(w) for all vertices w store the correct values, it is a simple matter to see that the values τ i for outer vertices in the active path are correctly updated by the above procedures. Proof Sketch Let G * (n) denote the set of all triconnected planar graphs with n vertices, in which no two isomorphic graphs are included. For each graph H ∈ G * (n), let G H ⊆ G 3 (n) denote the set of all graphs H with rooted edges. Since H can have 2|E(H)| different root edges, and the same graph H can appear in G 3 (n) 2|E(H)| = O(n) times. Hence |G 3 (n)| = O(n)|G * (n)|. To generate all graphs G * (n) without repetition, we execute algorithm Gen(W n , ε = u 2 ) checking whether a newly generated rooted graph H is the representative of G H or not. We can define the representative of G H to be the rooted graph with the lexicographically largest signature, where a signature is given by a sequence of O(n) labels and can be constructed in O(n) time [3] . Since there are O(n) candidates to check whether the current one attains the lexicographically largest signature or not, it takes O(n 2 ) time to determine if the current H is to output or not. Hence the entire time complexity of generate all graphs G * (n) without repetition is O(n 2 |G 3 (n)|) = O(n 3 |G * (n)|), i.e., O(n 3 ) per each in average.
Concluding Remarks
In this paper, we gave an O(1)-time delay enumeration algorithm for the class of triconnected rooted plane graphs with exactly n vertices and an inner face size bounded by g. The O(1)-time delay in O(n) space is attained mainly by introducing graphs transformations to define parents based on the property in Lemma 2, which allows us to test triconnectivty of a whole graph by degree by checking the degree of a constant number of vertices.
It is our future work to design enumeration algorithms for rooted plane graphs with a higher vertex-connectivity and to take into account the reflective symmetry around the root, as studied in our companion paper [18] .
